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Theorem

@ The projection of an orbit following Kepler's law of areas, also obeys
this law.

@ One can project a circle with a given interior point into any ellipse,
being the projection of the point the focus of the ellipse.
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First steps

@ We will use a circle with a point A corresponding to the focus.
We will trace on the circle the angles satisfying Kepler's law.
We will deduce the orbital elements P, T and e.
We will produce by projection the corresponding apparent orbit.
We will optimize O-C errors.
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@ Short arcs: angles are better than distances.

Six angles 01, 65, 03, 04, 05, 0 with its dates t1, to, t3, t4, t5, ts
determine P, T and e. J

We can determine three double ratios
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The double ratio method

Given P, T and e, one can construct a circle of center C, with a point O
such that
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The double ratio method

Given P, T and e, one can construct a circle of center C, with a point O
such that

C
e= o and the law of areas (t — T)% = Area holding

™M
B The relation of the angle § with Area
Area 'S 1
Area = 5{(5 — arcsin(esin 6)
O ¢ — esin[é — arcsin(esin )]}

which can be solved for &
numerically.



The double ratio method

With six angles d1, 2, 03, 04, J5, ¢ we could construct three double
ratios that depend on P, T and e:
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With six angles d1, 2, 03, 04, J5, ¢ we could construct three double
ratios that depend on P, T and e:
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Invariance

|

The double ratios do not change under projections. The eccentricity does
not change under parallel projection.
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The double ratio method

Projective geometry = we can easily reconstruct the apparent orbit from
the circle used before. The double ratios of the circle are the same (by
construction) than those of the apparent orbit. This implies that the
apparent orbit is a projection of the circle.

We need one distance to set one of the infinite possible projections.



The double ratio method

Six angles and the ratio on one of those angles determine the apparent
orbit.

In practice, one considers groups of six measured angles and takes an
average of the computed values of P, T, e (and the measured ratio)



The double ratio method: Example

B 205, ADS 6871, 8 4668 (From E. Vidal Abascal)

| Namero de observaciones

Epoca ! o p y observadores Ag Ap
1874.19 | 310° | 0”5 1 Burnham + 29° —0.15
1877.82 | 280.6 | 0.81 2 Cin + 58 + 0.16
1882.21 | 276.6 | 0.52 3 Schiaparelli + 96 | —0.13
1886.17 270.1 | 0.80 2 Vichman + 10.1 +0.15
1889 16 | 257.0 | 0.74 1 Leavenworth + 06 | +0.1
1800.28 | 261.9 | 0.70 2 Burnham + 65 | +0.09
*1891.87 | 256.2 | 0.65 3 Burnham + 38 | 4002
*1897.25 | 244.4 | 0.8] 3 Aitken — 02 | +017
1898.23 | 238.0 | 0.75 4 (1 See, 3 Aitken) — 38 | +0.13
1900.21 239.8 | 0.66 3 Aitken + 06 + 0.06
1903 04 | 230.5 | 0.70 6 Doolittle — 33 | +009
1906.12 | 227.6 | 0.49 3 Aitken — 05 { —0.10
*1912.25 | 213.8 | 0.57 4 (2 Innes, 2 Aitken) — 47 +0.02
*1915.24 | 211.3 | 0.63 6 (4 Voiite, 2 Innes) — 04 | +006
1917.10 { 205.0 | 0.49 2 Aitken — 22 [ —0.09
1921.28 189.7 | 0.5t 1 Leavenworth -105 | —006
1923.24 179.1 | 0.34 3 Magdini — 157 | —025
192420 | 1888 | 0.44 2 Aitken -- 560 | —0.1
1925.04 | 198.0 | 0.56 4 Voiit + 7.7 | +003
*1926.75 | 1965 | 0.52 7 (3Bos, 4 Ten Bruggenc.) | + 92 | —002
1928.71 183.8 | 0.47 6 (2 Finsen, 4 Voiite) + 19 | —005
* 1930.45 178.1 | 0.57 8 (4 Finsen, 4 Wallenquist) + 03 + 0.05
1933.12 172.2 | 0.51 4 Bos — 1.0 | —0.01
*1934.21 170.5 | 0.49 4 Finsen + 20 | —002
* 1935 168.8 | 0.50 | 13 (3 Daw., 6 Finsen, 4 Bos) + 03 | —0.02
*1936.99 | 160.7 | 0.49 3 Voiite — 30 | +0.01
1939.45 | 154.5 | 0.45 4 Bos + 15 0
1941.43 | 149.0 | 0.66 1 Hirst + 09 ; +02
*1942.86 142.3 | 0.45 3 Voiite — 11 -+ 0.03
.80 138.4 | 0.38 8 (4 Bos, 4 Voiite) — 07 | —005
+%1047.16 | 127.4 | 0.42 | 11 (9 Mont Strombo, 2 Bos) + 1.5 | 4004




The double ratio method: Example

B 205, ADS 6871, 8 4668 (From E. Vidal Abascal)

Choosing six measurements (marked with an asterisk )

sen (6, — ) sen (% —0;) _ sen 33.1 sen 50.7

= = - =5 =0.4
2y =08, 8) sen (8, — ;) sen (0, —0,)  sen 83.9 sen 66.3 0.463
sen (6, — 6,) sen (8, —0;) _ sen 33.1sen 38.7
— =2 T = =0.342
By =, 6,6,) sen (8, — ;) sen (6, —0,)  sen 83.9sen 78.3 0
— 6, — 0, K
1o = (8, 8,0, ) __sen (6, —6,) sen (8 o) __ sen 33.1sen 110 0.107

sen (0, —0,) sen (%, — 6;)  sen 83.9sen106.0

so with P =125.6, T = 1830, e = 0.45 in the circle

t t—T Areu=(l——-T)L ]
1258 o — Sen 26-sen 54.5 — 0444
1897.23 67.23 1.6814 186° %" sen82.5sen54 ’
1915.24 85.24 2.1318 212
1930.45 100.45 25112 240 g —Sen6-sen 43S .,
1935.40 105.48 2.6380 251 ¢ sen82.5 sen 65
1943.80 113.80 2.8461 278.5 )
1947.16 117.16 2.9301 294.5 p, =3 26-5en160 _ .,y
sen 82.5 sen 98.5




The double ratio method: Example

B 205, ADS 6871, 8 4668 (From E. Vidal Abascal)

An optimisation procedure leads to estimate P = 125.6, T = 1955.2,

e = 0.47. Repeating with other group of six angles (marked with + in
the table) yields double ratios a3 = 0.609, 51 = 0.415 and ; = 0.364,
and averaging with previous values one gets P = 125.8, T = 1955.5,

e = 0.4. With these values, the =-C differences of the double ratios are

Observacion Célculo o0—C

a, = 0.463 0.46 + 0.003
B, =0.342 0.365 —0.023
7o = 0.107 0.134 —0.027
o, = 0.609 0.545 + 0.064
B, =0.415 0.408 + 0.007
7, =0.364 0.39 —0.026
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B 205, ADS 6871, 8 4668 (From E. Vidal Abascal)

The graphical representation of the orbits is
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B 205, ADS 6871, 8 4668 (From E. Vidal Abascal)

And the final orbit elements are

Elementos dindémicos

P=1258
T =1955.5
e =04
19555
Elipse aparente
[ 4
a, =051 08.=70°7
b, =042 a =043
0, = 44° d =017
Orbita relativa
a =0".56 /
i =139°.3
o =76°0
Q=142°5 M




Conclussions and open questions

@ The proposed method can work with short arcs where the curvature
is low.

@ It is a graphical method. However today we can perform all the
calculations by computer.

@ Implementation: perhaps in Java, because its portability and
accessibility, and because calculations are not heavy.
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